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Abstract
We initiate the investigation of the zero temperature holographic superfluids with two competing
orders, where besides the vacuum phase, two one component superfluid phases, the coexistent
superfluid phase has also been found in the AdS soliton background for the first time. We construct
the complete phase diagram in the e−µ plane by numerics, which is consistent with our qualitative
analysis. Furthermore, we calculate the corresponding optical conductivity and sound speed by
the linear response theory. The onset of pole of optical conductivity at ω = 0 indicates that
the spontaneous breaking phase always represents the superfluid phase, and the residue of pole is
increased with the chemical potential, which is consistent with the fact that the particle density is
essentially the superfluid density for zero temperature superfluids. In addition, the resulting sound
speed demonstrates the non-smoothness at the critical points as the order parameter of condensate,
which indicates that the phase transitions can also be identified by the behavior of sound speed.
Moreover, as expected from the boundary conformal field theory, the sound speed saturates to 1√
2
at the large chemical potential limit for our two component holographic superfluid model.
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I. INTRODUCTION
The AdS/CFT correspondence has provided us with a new approach to investigate
strongly interacting systems by studying their weakly coupled gravity duals with one extra
dimension[1–3]. In particular, it has recently been used to model various phenomena in con-
densed matter systems such as superfluids and superconductors[4–6]. By putting a charged
scalar field on top of the bulk Einstein-Maxwell theory, the AdS black hole becomes unstable
to form a scalar hair near a critical temperature, which have a dual interpretation on the
boundary as a second order phase transition from a normal fluid to an s-wave superfluid or
from a normal metal to an s-wave superconductor. Such a holographic system exhibits many
characteristic properties shared by real materials and the basic setup has been extended to
describe the condensate with a more sophisticated structure on the boundary by taking into
account other types of matter fields in the bulk[7–11].
On the other hand, the insulator to superconductor phase transition at zero temperature
has also been implemented by holography in [12], where the AdS soliton will carry a scalar
hair when one cranks up the chemical potential to a certain critical value. It is found that
this holographic model has a very similarity with the resonating valence bond approach in
modeling the high-Tc superconductors. When this phase transition is viewed as a vacuum
to superfluid phase transition, the corresponding phase diagram bears a strong resemblance
to the one observed recently in ultracold cesium atoms, where the compactified dimension
in the AdS soliton background can be naturally identified as the reduced dimension in
optical lattices by the very steep harmonic potential as both mechanisms make the effective
dimension of the system in consideration reduced in the low energy regime[13]. By taking
into account the backreaction of matter fields onto the metric, the complete phase diagram
in T − µ plane has further been constructed in [14] by numerics. Near the critical points,
the analytical calculations are available and consistent with the numerical results[15].
The strongly correlated systems also demonstrate the phases with many coexistent or-
ders. Therefore, it is desirable to investigate the various order parameters coexistent in the
holographic setup. Actually, such a holographic construction of the competing order param-
eters has been successfully accomplished in the AdS black hole background in [16] for the
first time. Furthermore, the case for the two competing scalar order parameters has been
extensively explored by going beyond the probe limit in [17]. More works on the holographic
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multi-band systems can be found in [18–31]. For a more comprehensive review, please check
[32].
But nevertheless, it is always significant to see how these orders compete with one another
at zero temperature, as it is believed that the quantum criticality can serve as the best point
of departure for understanding what happens at finite temperature. However, to the best of
our knowledge, the holographic investigation of coexistent phases on top of the AdS soliton
geometry has not been touched upon yet. Due to the essential difference between the AdS
black hole and AdS soliton, it is a priori unknown whether there are such coexistent phases
on top of the AdS soliton geometry. Not only is this issue of academic interest by itself, but
also may be relevant to the feasibility of implementation of a mixture of Bose and Fermi
superfluids in realistic systems such as liquid helium and cold atoms[33–36].
The purpose of this paper is to fill such a gap by investigating the zero temperature
holographic superfluid model with the two competing scalar orders in the aforementioned
AdS soliton background[37]. The paper is structured as follows. In Section II, we will present
our zero temperature holographic superfluid model, where the two charged scalar fields are
coupled to one single U(1) gauge field on top of the AdS soliton background. Then we shall
make some analytical arguments in Section III about the possible region for the existence of
bulk solution dual to the boundary coexistent phase by rephrasing the problem in terms of
a Schrodinger like one. In Section IV, we apply the pseudo-spectral method to numerically
solve the the non-linear equations of motion and construct the complete phase diagram by
the free energy analysis, where as expected the coexistent phase shows up. After that, in
Section V we affirm that the system with the non-vanishing condensates indeed describes
the superfluid phase by calculating the optical conductivity in the context of linear response
theory. Furthermore, by employing the frequency domain analysis in Section VI, we spot
the hydrodynamic normal modes, extract the sound speed from the dispersion relation, and
figure out the variation of sound speed with respect to the chemical potential. We conclude
our paper with some discussions in Section VII.
II. HOLOGRAPHIC MODEL
In this section, we begin with the holographic setup for the zero temperature two com-
ponent superfluids, where two complex scalar fields are coupled to one single U(1) Abelian
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gauge field in the AdS soliton background. The action for the model reads
S =
1
16piG
∫
dd+1x
√−g[R + d(d− 1)
l2
+ Lmatter]. (1)
Notice that G is the Newton’s gravitational constant, the AdS curvature radius l is related
to the negative cosmological constant as Λ = −d(d−1)
2l2
, and Lagrangian of the matter fields
is given by Lmatter =
l2
e22
L with L in the form of
L = −1
4
F abFab − |D1Ψ1|2 −m21|Ψ1|2 − |D2Ψ2|2 −m22|Ψ2|2. (2)
Here, we are writing F = dA, D1 = ∇ − i e1e2A, D2 = ∇ − iA, with ei and mi (i = 1, 2)
the charge and mass carried by the complex scalar field Ψi, respectively. In what follows,
we shall work with the probe limit. Namely, the backreaction of matter fields to the bulk
geometry is ignored, which can be achieved by taking the large e2 limit but keeping the ratio
of two scalar field charges, namely e = e1/e2, finite. With this in mind, we can perform
the interplay of the matter fields above a fixed background geometry, which is a solution
for the vacuum Einstein gravity with the negative cosmological constant. For our purpose,
we choose the AdS soliton solution as our background geometry, which is obtained by the
double Wick rotation of the planar AdS Schwarzschild black hole as
ds2 =
l2
z2
[−dt2 + dx2 + dz
2
f(z)
+ f(z)dχ2]. (3)
Notice that in this coordinate system f(z) = 1 − ( z
z0
)d with z = z0 the tip where our
geometry caps off and z = 0 the AdS boundary. In order to avoid a conical singularity at
the tip, we must impose a periodicity 4piz0
d
along the χ coordinate direction. The inverse of
the periodicity is interpreted as the confining scale for the dual boundary theory. Without
loss of generality, below we take 16piGe22 = 1, l = 1, and z0 = 1. In addition, we shall focus
solely on the action of matter fields because the leading e02 contribution has been frozen due
to the fixed background geometry.
The equations of motion for the matter fields read
D1aD
a
1Ψ1 −m21Ψ1 = 0, (4)
D2aD
a
2Ψ2 −m22Ψ2 = 0, (5)
∇aF ab = ie
(
Ψ1D
b
1Ψ1 −Ψ1Db1Ψ1
)
+ i
(
Ψ2D
b
2Ψ2 −Ψ2Db2Ψ2
)
. (6)
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whence the asymptotical behavior for the matter fields near the AdS boundary is of the
form
Ψ1 → ψ−,1z∆−,1 + ψ+,1z∆+,1 , (7)
Ψ2 → ψ−,2z∆−,1 + ψ+,2z∆+,1 , (8)
Aµ → aµ + bµzd−2. (9)
with the axial gauge Az = 0 and conformal dimension ∆±,i = d2±
√
d2
4
+m2i . Below we shall
devote ourselves to the case of m21 = 0, m
2
2 = −2 and d = 3. Correspondingly, we obtain
∆−,1 = 0,∆+,1 = 3 and ∆−,2 = 1,∆+,2 = 2, respectively. According to the holographic
dictionary for the standard quantization in the AdS/CFT correspondence, we have
〈jµ〉 = δSren
δaµ
= bµ,
〈O+,1〉 = δSren
δψ−,1
= ψ+,1,
〈O+,2〉 = δSren
δψ−,2
= ψ+,2. (10)
Here jµ is interpreted as the boundary conserved particle current, the expectation value
of the scalar operator O+,1 and O+,2 is regarded as the order parameters of condensate in
holographic superfluid system, and Sren represents the holographic renormalized on-shell
action obtained by adding the counter terms to remove the divergence of the original action,
i.e.,
Sren = S +
∫
d3x
√−h|∂Ψ1|2 −
∫
d3x
√−h|Ψ2|2. (11)
When either of the two bulk scalar fields takes a non-vanishing profile under the condition
that both of the sources ψ−,1 and ψ−,2 are switched off, the corresponding scalar operator
will acquire a non-vanishing expectation value, which corresponds to the U(1) symmetry
spontaneous breaking. Then the dual boundary system is perceived to be in a superfluid
phase. In particular, when both of the two scalar operators have a non-vanishing expectation
value simultaneously, the dual boundary system is in the coexistent superfluid phase.
To make our life easier, in what follows we shall not touch upon the striped phase structure
as in [38, 39], but restrict ourselves solely on the homogeneous phase structure of our model,
which can be implemented by the homogeneous ansatz for the bulk matter fields as
Ψ1 = Ψ1(z), Ψ2 = Ψ2(z), Aµdx
µ = At(z)dt. (12)
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As a result, the independent equations of motion can be reduced to
Ψ
′′
1 +
(
f
′
f
− 2
z
)
Ψ
′
1 +
(
−m
2
1
z2f
+
e2A2t
f
)
Ψ1 = 0, (13)
Ψ
′′
2 +
(
f
′
f
− 2
z
)
Ψ
′
2 +
(
−m
2
2
z2f
+
A2t
f
)
Ψ2 = 0, (14)
A
′′
t +
f
′
f
A
′
t − 2e2
Ψ21
z2f
At − 2 Ψ
2
2
z2f
At = 0, (15)
where the prime denotes the derivative with respect to z.
III. QUALITATIVE ANALYSIS
Before solving our holographic model numerically, we would like to carry out a brief
qualitative discussion on the possible solutions to the above equations. First, there obviously
exists a trivial solution with a constant gauge potential At = µ and a vanishing profile for
both scalar fields, which corresponds to the vacuum phase in the dual boundary field system.
On the other hand, when one of the bulk scalars is set to zero, the system is reduced to the
one component superfluid with the critical chemical potential µi, as studied in [12]. But in
order to see whether there is a bulk solution dual to a coexistent superfluid phase, we like
to convert our equations for scalar fields
z4∂z
(
f
z2
∂zΨ1
)
+
(−m21 + e2z2A2t )Ψ1 = 0, (16)
z4∂z
(
f
z2
∂zΨ2
)
+
(−m22 + z2A2t )Ψ2 = 0. (17)
into Schrodinger like ones as
−∂2yΨ˜1 + V1Ψ˜1 = 0, (18)
−∂2yΨ˜2 + V2Ψ˜2 = 0. (19)
Here we have defined a new variable y ∈ [0, y∗] as dy = 1√
f
dz with y∗ =
√
piΓ( 4
3
)
Γ( 5
6
)
≈ 1.40218
and introduced the new functions Ψ1 = Y Ψ˜1,Ψ2 = Y Ψ˜2 with Y =
z
f
1
4
. In addition, the
potentials are given by
V1 = −e2A2t +
m21
z2
− z
2∂z(
f∂zY
z2
)
Y
, (20)
V2 = −A2t +
m22
z2
− z
2∂z(
f∂zY
z2
)
Y
. (21)
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which are found to have the following asymptotic behaviors
Vi ≈ m
2
i + 2
y2
, y → 0, (22)
Vi ≈ − 1
4(y − y∗)2 , y → y
∗. (23)
The Hamiltonian for the potential V (y) = κ
y2
is called Calogero Hamiltonian, which leads
to an ill-defined Schrodinger problem for κ < −1
4
due to Landau fall effect, namely the
system will be unstable to infinitely many negative energy states. When applied to (22),
this gives rise to the well known BF bound m2 ≥ −9
4
. On the other hand, according to
(23), the behavior near the tip indicates that the system is marginally stable. However, the
introduction of the gauge potential lowers the ground state energy. In particular, when the
gauge potential is cranked up to a certain value, the system will become unstable with the
scalar condensed right from the tip all the way to the AdS boundary. This IR instability
corresponds to the spontaneous breaking mechanism for the aforementioned one component
superfluid phase.
On the basis of the lemma proved in [16], we know that if two potentials V1 and V2 are over
the same domain with V1 > V2, then the lowest eigenvalue for the Hamiltonian associated
with V1 will be strictly greater than the lowest eigenvalue for that associated with V2. This
indicates that if the lowest eigenvalue mode for the case of V2 is a zero mode, then V1 cannot
give rise to a zero mode in the same region. Back to our holographic model, we have
V1 − V2 =
(
1− e2)A2t + 2(m21 −m22)z2 (24)
for the two scalar fields. Note that we are focusing on the case of m21 = 0 and m
2
2 = −2.
Thus for e ≤ 1, we always have V1 > V2 and the zero mode of Ψ2 condensates before Ψ1,
which further prevents the condensation of Ψ1 by depleting the gauge potential. Hence,
the corresponding phase structure is the same as that for the one component holographic
superfluid only with Ψ2 condensation. The interesting situation happens to the e > 1 case,
because there is sort of competition between the gauge potential term and mass dependent
term. It is reasonable to expect that the coexistent phase shows up in an intermediate
region of chemical potential, which will be confirmed by our numerical calculation below.
Furthermore, one may naively think that as we increase the chemical potential the scalar field
with a large charge will eventually dominate. However, as demonstrated by our numerics,
due to the 1
z2
divergent behavior near the AdS boundary, the mass dependent term becomes
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FIG. 1: The variation of particle density and condensate with respect to the chemical potential
µ in one component holographic superfluid, where the top is for Ψ1 with the second order phase
transition triggered at µ1 = 1.669, and the bottom is for Ψ2 with the second phase transition
occurred at µ2 = 1.718.
more important such that the scalar field with a small charge will dominate at the large
chemical potential.
IV. PHASE DIAGRAM
In this section, we shall figure out the phase diagram for our holographic model by
numerics. As alluded to in the previous section, the rich phenomenon happens to the case
of e > 1. So we would like to take e = 1.63 as a concrete example for the purpose of
demonstration. To this end, we first rewrite the bulk fields in the following form
Ψ1 = ψ1(z), Ψ2 = zψ2(z). (25)
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FIG. 2: The variation of particle density and condensate with respect to the chemical potential in
two component holographic superfluid, where the chemical potential for the coexistent superfluid
phase with two competing orders lies in the region between µc1 = 2.088 and µc2 = 2.143.
As a result, the equations of motion for the static configurations can be expressed as
z(1− z3)ψ′′1 − (2 + z3)ψ
′
1 + ze
2A2tψ1 = 0, (26)
(1− z3)ψ′′2 − 3z2ψ
′
2 + (A
2
t − z)ψ2 = 0, (27)
z2(1− z3)A′′t − 3z4A
′
t − 2(e2ψ21 + z2ψ22)At = 0. (28)
These coupled non-linear differential equations together with Dirichlet boundary conditions
at the AdS boundary
ψ1 = ψ2 = 0, At = µ (29)
can be solved by the pseudo-spectral method, supplemented with Newton-Raphson iteration
method. Then we can read off all the physical quantities of interest from the resulting bulk
matter field configurations by the holographic dictionary (10).
We plot below the variation of particle density and condensate with respect to the chemi-
cal potential for one component holographic superfluid in Figure 1. As we see from both the
behaviors of particle density and condensate, the system undertakes a second order phase
transition from the vacuum to superfluid phase. In addition, the critical chemical potential
for Ψ1 is less than that for Ψ2, which turns out to be both the sufficient and necessary
conditions for the emergence of coexistent superfluid phase. As shown in Figure 2 for our
two component holographic superfluid, when one cranks up the chemical potential to a cer-
tain critical chemical potential µc1, the coexistent phase shows up, where the condensate of
Ψ1 starts to decrease, accompanied by the emergence of the condensate of Ψ2. Eventually
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FIG. 3: The difference of free energy density between the superfluid phases and the vacuum phase.
The red line is for S1-Phase, the blue line is for S2-Phase, and the dashed line represents S1+S2-
Phase. The right panel is a zoomed-in view in the coexisting phase region, which suggests a phase
structure as S1+S2-Phase sandwiched by S1-Phase and S2-Phase.
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FIG. 4: The two panels represent the difference of free energy density between S1+S2-Phase and
S1-Phase(left)/S2-Phase(right) in the region between µc1 and µc2, which indicates that S1+S2-
Phase is thermodynamically favored.
the competition between these two orders ends at another critical chemical potential µc2,
where the condensate of Ψ1 disappears with the only occurrence of the condensate of Ψ2. As
evident from Figure 2, the phase transitions occuring at µc1 and µc2 are both second order.
In order to determine whether Figure 2 really represents the genuine phase diagram for our
two component holographic superfluid model, we are left with one thing to check. Namely
we are require to calculate out the corresponding free energy density in the grand canonical
ensemble and ensure it is the smallest compared to any other possible configuration. For
later notational convenience, we denote the phase only with Ψ1 condensate as S1-Phase,
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and the phase only with Ψ2 condensate as S2-Phase. While the coexistent phase is denoted
as S1+S2-Phase. Now by holography, the free energy density can be obtained from the
renormalized on-shell action of bulk matter fields as
F = −1
2
[
∫
dz
√−gi[e
(
Ψ1D
b
1Ψ1 −Ψ1Db1Ψ1
)
+
(
Ψ2D
b
2Ψ2 −Ψ2Db2Ψ2
)
]Ab
−√−hnaAbF ab|z=0] = −1
2
µρ+
∫
dz
(eAtψ1)
2
z2
+
∫
dz (Atψ2)
2 , (30)
where we have taken advantage of the equations of motion as well as the source free boundary
conditions for the scalar fields at the AdS boundary. As revealed in Figure 3, all the
superfluid phases give a lower free energy density than that for the vacuum phase. In
particular, as shown in Figure 4, S1+S2-Phase has the lowest free energy density compared
to S1-Phase and S2-Phase in the coexistent region.
Using the similar procedure, we can figure out the complete phase diagram in the e− µ
plane by numerics. But before that, we would like to make a wise guess at the rough picture
for this phase diagram. First, for the one component holographic superfluid, we have a fixed
phase transition point µ2 = 1.718 for the phase transition from the vacuum to S2-Phase.
Namely the phase boundary between the vacuum and S2-Phase is given by µ = µ2 line in the
e− µ plane. While it follows from the scaling symmetry of our holographic system that the
phase boundary between the vacuum and S1-Phase is given by the line µ = 1.63×1.669
e
= 2.720
e
in the e − µ plane. So there exists a critical ec = 2.720u2 = 2.7201.718 = 1.584. When e < ec, Ψ2
starts to condense at µ2, before Ψ1. In this case, we only have S2-Phase. On the other
hand, when e > ec, Ψ1 starts to condense at µ1, before Ψ2. In this case, as demonstrated for
the example e = 1.63, we shall have S1+S2-Phase sandwiched by S1-Phase and S2-Phase.
Actually as plotted in Figure 5 by numerics, the complete phase diagram is well captured
by the above rough guess. Figure 5 further shows that with a larger e in our holographic
model, the coexisting phase will occur in a wider region of the chemical potential, starting
from a larger chemical potential.
V. OPTICAL CONDUCTIVITY
In this section, we shall calculate the optical conductivity for our two component holo-
graphic superfluid model by the linear response theory acting onto the previous static back-
ground solutions. For our purpose, we first rewrite our scalar fields ψ1 and ψ2 in terms of
11
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FIG. 5: The e − µ phase diagram, where the intersection point is located at e = 1.584, and
µ = 1.718.
the real and imaginary parts as
ψ1 = ψ1,r + iψ1,i, ψ2 = ψ2,r + iψ2,i. (31)
Note that the background solution is static and homogeneous, so the bulk perturbation fields
δΦ with the following form
δΦ→ δΦ(z)e−iωt+iqx (32)
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are decoupled from those modes with a different ω or a different q. Furthermore, the per-
turbation equations can be reduced to
0 = z(z3 − 1)δψ′′1,r + (z3 + 2)δψ
′
1,r + z(q
2 − ω2 − e2A2t )δψ1,r
−2ezAt(eψ1,rδAt + iωδψ1,i), (33)
0 = z(z3 − 1)δψ′′1,i + (z3 + 2)δψ
′
1,i + z(q
2 − ω2 − e2A2t )δψ1,i
+iez(2ωAtδψ1,r + ψ1,r(ωδAt + qδAx)), (34)
0 = (z3 − 1)δψ′′2,r + 3z2δψ
′
2,r + (q
2 + z − ω2 − A2t )δψ2,r
−At(2ψ2,rδAt + 2iωδψ2,i), (35)
0 = (z3 − 1)δψ′′2,i + 3z2δψ
′
2,i + (q
2 + z − ω2 − A2t )δψ2,i
+i(2ωAtδψ2,r + ψ2,r(ωδAt + qδAx)), (36)
0 = z2(z3 − 1)δA′′t + 3z4δA
′
t + (2eψ
2
1,r + 2z
2ψ22,r + z
2q2)δAt
+2ψ1,r(2eAtδψ1,r + iωδψ1,i) + 2ψ2,r(2Atδψ2,r + iωδψ2,i) + qωδAx, (37)
0 = z2(z3 − 1)δA′′x + 3z4δA
′
x + (2eψ
2
1,r + 2z
2ψ22,r − z2ω2)δAx
−2iqψ1,rδψ1,i − 2iz2qψ2,rδψ2,i − z2qωδAt, (38)
0 = 2(ψ
′
1,rδψ1,i − ψ1,rδψ
′
1,i) + 2z
2(ψ
′
2,rδψ2,i − ψ2,rδψ
′
2,i) + iz
2(ωδA
′
t + qδA
′
x). (39)
where we have made use of the fact ψ1,i = ψ2,i = 0 for the background solution.
To proceed, it is noteworthy that the perturbation of the following form
δAt = −λω, δAx = λq, δψ1 = eλψ1, δψ2 = λψ2. (40)
is essentially kind of gauge transformation
A→ A+∇θ, ψ1 → ψ1eieθ, ψ2 → ψ2eiθ (41)
with
θ =
1
i
λe−iωt+iqx (42)
on top of the background solution. This spurious solution generated by the parameter λ
can be eliminated by gauge fixing. Below we shall choose a gauge such that δAt = 0 at the
AdS boundary. In addition, as we are working with the standard quantization, the Dirichlet
boundary conditions will be implemented for δψ1 and δψ2 at the AdS boundary. On the
other hand, note that the perturbation equation (39) turns to be automatically satisfied
once the other equations are satisfied, thus we shall forget about (39) hereafter.
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FIG. 6: The imaginary part of optical conductivity as a function of frequency for the two component
holographic superfluid with e = 1.63. The left panel is for the vacuum phase at µ = 1.5, while the
right panel is for the S1-Phase at µ = 1.9 (Red), S1+S2-Phase at µ = 2.1 (Green), and S2-Phase
at µ = 2.3 (Blue).
With the above preparation, now let us calculate the optical conductivity for our two
component holographic superfluid by focusing on the q = 0 mode. As a consequence, δAx in
(38) is decoupled from the other perturbation fields, and can be solved by the pseudo-spectral
method. With the boundary condition δAx = 1 at the AdS boundary, the holographic optical
conductivity can be expressed as
σ(ω) =
∂zδAx|z=0
iω
. (43)
Since the real perturbation equation together with the real boundary condition for δAx
implies that the real part of the holographic conductivity must vanish, we only depict the
nontrivial imaginary part of the optical conductivity in Figure 6 for the vacuum phase and
the three superfluid phases. According to the Krames-Kronig relation
Im[σ(ω)] =
1
pi
P
∫ ∞
−∞
dω′
Re[σ(ω′)]
ω − ω′ , (44)
the DC conductivity is equal to zero for the vacuum phase, but acquires a δ(ω) peak for
all the spontaneous breaking phases due to the 1
ω
behavior of the imaginary part of optical
conductivity, which tells us that these spontaneous breaking phases correspond to the super-
fluid phases indeed. Furthermore, the residue for this zero pole is related to the superfluid
density as ρs
µ
. Thus Figure 6 further indicates that the superfluid density becomes large as
the chemical potential is cranked up. This is consistent with Figure 2, in which the particle
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FIG. 7: The density plot of |det[L(ω)]′det[L(ω)] | with q = 0.3 and e = 1.63 for S1+S2-Phase at µ = 2.1. The
normal modes give rise to the peaks, where the red line pins down the hydrodynamic normal mode
at ω0 ≈ 0.107.
density is increased with the chemical potential. Because as shown in [40] and [41], ρs = ρ
at zero temperature. In addition, the other poles give rise to the gapped normal modes for
δAx. It follows from Figure 6 that the gap becomes larger with the increase of the chemical
potential. In the subsequent section, we shall not care about these gapped normal modes
any more.
VI. SOUND SPEED
In order to calculate the speed of sound by the linear response theory for our two com-
ponent holographic superfluid model, we are required to work on the hydrodynamic normal
modes of the gapless Goldstone boson from the spontaneous symmetry breaking in the su-
perfluid phases. To this end, we need work not only with the q = 0 mode, but also with
the q 6= 0 modes. In addition, we replace δAx = 1 by δAx = 0 at the AdS boundary. Fur-
thermore we massage the linear perturbation equations as well as the boundary conditions
into the form L(ω)v = 0 with v the values of perturbation fields at the grid points associ-
ated with the pseudo-spectral method. Note that the normal modes satisfy the condition
det[L(ω)] = 0, so these modes can be spotted in the density plot |det[L(ω)]′
det[L(ω)] | with the prime
the derivative with respect to ω here. As a demonstration, we depict the corresponding
density plot for the S1+S2-Phase at µ = 2.1 with q = 0.3 and e = 1.63 in Figure 7, where
the hydrodynamic normal mode locates at the closest peak to the origin, marked in red line.
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FIG. 8: The dispersion relation of the gapless Goldstone mode for S1+S2 phase at µ = 2.1. By
the fitting formula ω0 = vsq, the sound speed can be extracted as vs = 0.359.
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FIG. 9: The variation of sound speed with respect to the chemical potential. The phase transitions
turn out to be also signaled by the non-smoothness of sound speed at the critical points. In addition,
the sound speed approaches 1√
2
at the large chemical potential limit.
With this strategy, we further plot the dispersion relation for the gapless Goldstone mode
in Figure 8 for S1+S2-Phase at µ = 2.1. Then we can extract the sound speed vs by the
fitting formula ω0 = vsq for small qs. We present the variation of sound speed with respect
to the chemical potential in Figure 9. As one can see, the sound speed increases with the
chemical potential. Furthermore, Figure 9 indicates that the sound speed can also be used
to signal the phase transition because the phase transition leaves its footprint by making the
sound speed also non-smooth at the critical point. In addition, when the chemical potential
is much larger than the confining scale, the sound speed saturates to a constant, which is in
good agreement with the predicted value 1√
2
from conformal field theory for the superfluid
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condensate with the conformal dimension 2[42–44]. This is reasonable since the conformality
is believed to be restored in large chemical potential limit.
VII. CONCLUSION
We have initiated the study of two component superfluid at zero temperature by investi-
gating its dual gravitational system with two complex scalar fields coupled to a single U(1)
gauge field in the AdS soliton background. We make a qualitative analysis on the possible
existence of the two-component superfluid phase and verify its occurrence by numerically
constructing the bulk solutions as well as making an analysis of the corresponding free en-
ergy density. We further figure out the complete phase diagram in the e− µ plane with the
coexistent region specified. In addition, we make use of the linear response theory to work
out the optical conductivity and sound speed. The onset of pole of optical conductivity
at ω = 0 for the spontaneous breaking phase confirms its superfluid phase interpretation.
On the other hand, the resulting sound speed exhibits the non-smoothness at the critical
points. Thus we can also use the behavior of sound speed to identify the onset of phase
transitions. Furthermore, as expected from the boundary conformal field theory, our sound
speed approaches 1√
2
at the large chemical potential.
Finally, note that we have restricted ourselves onto the the probe limit, so we would like to
conclude with some comments on the back reaction effect, which is controlled parametrically
by e2. As suggested in [14] for one component holographic superfluid model, the phase
diagram is expected to have no essential change at zero temperature when e2 is sufficiently
large. But when e2 is decreased, the phase transition from the hairless AdS soliton to the
hairy AdS soliton may become first order. If one decreases e2 further, there may be a hairy
AdS black hole phase emergent between the hairless AdS soliton and the hairy AdS soliton.
It is intriguing to work out such a fully backreacted problem explicitly for our two component
holographic superfluid model and figure out how the AdS soliton geometry (hairless or hairy)
is connected with AdS black hole geometry (hairless or hairy) in the full phase diagram not
only at zero temperature but also at finite temperature. The probe limit we have worked out
is supposed to provide us with a good preparation to attack this fully backreacted problem.
We hope to report the relevant result elsewhere in the near future.
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